Dark-field images are formed from x-ray small-angle scattering signals. The small-angle scattering signals are particularly sensitive to structural variation and density fluctuation on a length scale of several tens to hundreds of nanometers, offering a unique contrast mechanism to reveal subtle structural features of an object. In this study, based on the principle of energy conservation, we develop a physical model to describe the relationship between x-ray small-angle scattering coefficients of an object and dark-field intensity images. This model can be used to reconstruct volumetric x-ray small-angle scattering images of an object using classical tomographic algorithms. We also establish a relationship between the small-angle scattering intensity and the visibility function measured with x-ray grating imaging. The numerical simulations and phantom experiments have demonstrated the accuracy and practicability of the proposed model.
 1 
INTRODUCTION
Conventional x-ray computed tomography (CT) is based on attenuation contrast to image an object, and can yield a sufficient contrast for substances with high density differences. However, biological soft tissues encountered in clinical and preclinical imaging mainly consists of light elements, and their elemental composition is nearly uniform with little density variation. The attenuation-based CT cannot achieve satisfactory sensitivity and specificity for soft biological tissues [1] [2] . By contrast, dark-field images are formed by x-ray small-angle scattering signals and may offer superior contrast resolution for soft tissues [3] . The x-ray small-angle scattering imaging has become instrumental in analysis of macromolecular and microstructures of samples, and is sensitive to structural variation and density fluctuation [4] . Moreover, carcinoma invasion is accompanied by destruction as well as synthesis of fibrillary and nonfibrillary matrix proteins. The tumor growth induces density fluctuation on the micrometer and submicrometer scale and small-angle scattering behaviors of tumors are significantly different from that of healthy tissues [5] [6] . Hence, x-ray dark-field imaging is able to reveal detailed structural features in soft tissues and offers a superior contrast resolution for characterization of cancerous tissues.
A variety of imaging techniques of small-angle x-ray scattering has been developed. A pencil beam-scanning mode can accurately acquire small-angle scattering signal [7] [8] , and a fan-beam scanning modality with multiline detectors was used to improve scanning efficiency [9] [10] . Recently, an x-ray grating interferometric technique was developed to extract high quality differential phase images and dark-field images using a phase-stepping scan method [11] . In the x-ray grating-based tomographic imaging, the noise variance is inversely proportional to the third power of in-plane spatial resolution, and phase imaging may enable higher spatial resolution than absorption CT for the same noise variance level [12] [13] . Dark-field images of biological specimens present significantly better contrast resolution than conventional attenuation-based images.
However, the propagation of x-ray photons through matter is a complex process, which involves both absorption and scattering simultaneously. A photon propagation model describes the photon interaction with matter, and is essential for tomographic imaging. Based on the assumption of the angular probability distribution of the small-angle scattering intensity as a Gaussian distribution, Wang et al. proposed that the second moment of the scattering angle distribution can be expressed as the minus logarithm of the visibility degradation of the oscillation curve in grating-based imaging [14] . Chen et al. presented a theoretical derivation to formulate the logarithm of visibility function as a linear integral of small-angle scattering cross-section [15] . Bech et al. introduced a new material-dependent linear diffusion coefficient to describe x-ray small-angle scattering, and obtained the logarithm of visibility function being a linear integral of the linear diffusion coefficient for x-ray grating-based tomographic imaging [16] . In this paper, based on the energy conservation principle, we derive a physical model to describe x-ray small-angle scattering and apply the model to reconstruct volumetric small-angle scattering images in Section 2. In Section 3, the numerical and phantom experiments are conducted to evaluate the proposed model and associated dark-field tomographic imaging performance. In the last section, relevant issues are discussed and conclusions drawn.
X-RAY SMALL-ANGLE SCATTERING
As an x-ray beam propagates in an object, a fraction of photons are attenuated due to photon scattering and photoelectric absorption, and the other photons travel along an original straight path in a direction θ. The intensity of transmitted photons along the direction θ can be described well by the Beer-Lambert law,
where Φ a r tθ is the x-ray intensity along the direction θ, and μ t the linear attenuation coefficient is defined as a sum of absorption coefficient μ a , wide-angle scattering coefficient μ w , and small-angle scattering coefficient μ s , that is, μ t μ a μ w μ s . Equation (1) can be reduced to a Radon transform:
where Φ a r tθ and Φ a r Rθ express the intensity of transmitted photons at position r tθ and r Rθ, respectively. While an x-ray beam propagates along a straight line in an object, this beam would become the sources for photon scattering. The small-angle scattered photon intensity Φ s r depends on both absorption and scattering properties of the object. According to the principle of energy conservation, the difference dΦ s r of the small-angle scattered photon intensity between the opposite sides of an elementary volume with a cross sectional area dA and length dh along the direction θ is equal to the difference between the intensity of the small-angle scattering signal from the primary beam and the sum of the intensities of photons absorbed and wide-angle scattered by the object, which can be expressed as follows [17] :
Since dΦ s rdA θ · ∇Φ s rdhdA, a differential equation in terms of the small-angle scattered photon intensity can be established from Eq. (3):
where μ a μ w Φ s r represents the loss of the small-angle scattering intensity due to photoelectric absorption and wideangle scattering and μ s Φ a r the quantity of small-angle scattered photons from the primary beam Φ a r. In other words, Eq. (4) describes the balance of the photon energy between the input and output of an elementary volume at a given x-ray beam direction θ. Because Eq. (4) is a linear first-order differential equation, its solution can be obtained in the closed form:
Substituting Eq. (1) into Eq. (5), we obtain [18] Φ s r Rθ Φ a r Rθ
Equation (6) is an integral formula with respect to the smallangle scattering coefficient μ s r. Through a variable transformation, this integral formula can be simplified to a Radon transform with respect to the small-angle scattering coefficient
where Φ a r Rθ and Φ s r Rθ are the intensities of transmitted and small-angle scattered photons on the detectors, respectively. Equation (7) can be normalized as
where T a r Rθ Φ a r Rθ∕Φ 0 and T s r Rθ Φ s r Rθ∕Φ 0 are the photon transmission and small-angle scattering transport, respectively, and Φ 0 is the intensity of incident x-ray. Equation (8) describes the relationship between the small-angle scattering coefficient, measured photon transmission, and small-angle scattering transport. Since Eq. (8) is a standard Radon transform with respect to the small-angle scattering coefficient, classical tomographic reconstruction algorithm, such as the filtered back-projection (FBP) algorithm and algebraic reconstruction technique, can be applied to reconstruct a small-angle scattering coefficient distribution [19] . Especially the cutting edge compressive sensing reconstruction techniques can be applied to realize high quality image reconstruction from far fewer measurements than that required by Nyquist sampling, and can achieve a significant reduction of radiation dose [20] .
NUMERICAL AND PHANTOM EXPERIMENTS A. Numerical Simulation
We designed a numerical phantom to evaluate the proposed physical model and tomographic imaging method. This low attenuation contrast phantom consisted of 21 disks with different small-angle scattering properties, as shown in Fig. 1(a) .
The incidence x-ray wavelength was assigned as 0.1 Å, and the parallel-beam scanning mode was assumed. The smallangle scattering image of the phantom was discretized with a 400 × 400 matrix. The dark-field/transmission data at each projection view were simulated using our Monte Carlo simulator. A total of 361 projections were recorded over a 180°F range. Then, the FBP reconstruction algorithm was performed to reconstruct small-angle scattering images from the darkfield images based on the proposed model. As a result, the reconstructed small-angle scattering image was in an excellent agreement with the original phantom image, as shown in Fig. 1(a-b) . We also performed a comparison with the conventional model of dark-field tomographic imaging, which states that the measured small-angle scattering patterns normalized by the transmitted intensity is a line integral of smallangle scattering coefficient [7] [8] [9] [10] , that is,
Obviously, Eq. (9) is a linear approximation to Eq. (7). Because of the mismatch between Eq. (9) and the real physical process, the reconstructed small-angle scattering image contained significant errors, as shown in Fig. 2(a-b) .
B. Physical Phantom Experiments
The experimental setup consists of a Seifert ID 3000 x-ray source operated at 40 kV∕25 mA, a PILATUS 100K detector, and three gratings: G0, G1, and G2 operated in the fifth fractional Talbot distance. G0 and G2 are absorbing gold gratings with periods of 14.1 μm and 2.00 μm, respectively, and G1 is a phase shifting silicon grating with 3.50 μm period [16] . The phantom consists of a polystyrene rod, 22 mm in diameter, with three cylindrical voids filled with crystalline sugar suspended in water, a solution of sugar in water, and cotton wool, respectively. The detector was a Pilatus II photon counting detector with 0.172 mm pixel size (square pixels). The interference patterns were measured in a four-step fringe scan at each angular view of the sample. A total of 181 projections were recorded over 360°. In the grating interferometric imaging, to evaluate the local changes of the oscillation Im; n; x g induced by an object and extract dark-field signals from intensity images, the intensity of the interference pattern in each pixel on detector is written as a Fourier series with negligible contributions of harmonics higher than the first order [11] :
Im; n; x g ≈ a 0 m; n a 1 m; n coskx g ϕm; n: (10) In Talbot-Lau interferometric imaging, when one of the gratings is scanned along the transverse direction, the intensity signal in each detector pixel would oscillate as a function of x g . Hence, the recorded individual intensity images I i m; n (i 1; 2; …; M) for a given projection view are used to extract dark-field and absorption signals, respectively, which can be formularized as follows:
and
where k 2π∕p 2 , p 2 is the period of the absorption grating, 
For a specimen that produces a strong x-ray small-angle scattering signal, the interference pattern will be washed out locally, and the visibility is significantly reduced by smallangle x-ray scattering. Hence, we have the following relationship between the small-angle intensity and the visibility function: n, is inversely proportional to the effective integrated local small-angle scattering power of the sample. The proposed dark-field tomographic imaging method can be directly applied to reconstruct the small-angle scattering coefficient distribution in the phantom from the acquired dark-field signals. In the reconstructed images, the cotton wool is clearly seen, and the crystalline sugar, which is not fully dissolved, is distinguishable, as shown in Fig. 3(a-c) . In the cylinder with sugar, the sugar is completely dissolved in water, and the homogeneous solution does not produce any dark-field signal. It is also observed that the reconstructed small-angle scattering images are sensitive and specific to boundaries and interfaces than the attenuationbased reconstruction, which help reveal detailed structural information.
DISCUSSION AND CONCLUSION
In summary, we have developed a physical model to describe x-ray small-angle scattering based on the principle of energy conservation. This model can work with popular acquisition modes for x-ray small-angle scattering signal, such as pencil beam imaging [7, 8] , fan beam scanning [9, 10] , and x-ray Talbot-Lau interferometry [11] . Our numerical simulation and phantom experiments have shown that the proposed darkfield tomographic imaging method can reconstruct highquality small-angle scattering images with superior contrast resolution relative to its conventional attenuation-based CT counterpart. While attenuation-based imaging needs higher x-ray radiation doses to improve contrast resolution for low attenuation matters, dark-field imaging does not intrinsically rely on photon absorption. Hence, x-ray energy in dark-field imaging can be optimized to minimize radiation damage to an imaging object. Specifically, x-ray grating interferometric imaging provides a higher contrast-to-noise ratio in general than conventional attenuation imaging at an equivalent dose level [21] . Therefore, x-ray dark-field imaging has great potential for applications in biomedical imaging, nondestructive testing, and material analysis.
